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Abstract
We study the impacts of nonuniversal Z ′ model, providing flavor changing neutral current at
tree level, on the branching ratios (BRs), CP asymmetries (CPAs) and polarization fractions of
B decays. We find that for satisfying the current data, the new left- and right-handed couplings
have to be included at the same time. The new introduced effective interactions not only could
effectively explain the puzzle of small longitudinal polarization inB → K∗φ decays, but also provide
a solution to the small CPA of B± → pi0K±. We also find that the favorable CPA of B± → pi0K±
is opposite in sign to the standard model; meanwhile, the CPA of Bd → pi0K has to be smaller than
−10%. In addition, by using the values of parameters which are constrained by B → piK, we find
that the favorable ranges of BRs, CPAs, longitudinal polarizations, and perpendicular transverse
polarizations for (B± → ρ±K∗, Bd → ρ∓K∗±) are (17.1± 3.9, 10.0± 2.0)× 10−6 , (3± 5, 21± 7)%,
(0.66 ± 0.10, 0.44 ± 0.08) and (0.14 ± 0.10, 0.25 ± 0.09), respectively.
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I. INTRODUCTION
Some puzzles have been found in B meson decaying processes, such as (a) the large
branching ratios (BRs) of B → Kη′ [1, 2], (b) the small longitudinal polarizations of B →
K∗φ decays [3, 4, 5, 6] and (c) the unmatched CP asymmetries (CPAs) and BRs in B → πK
decays [7, 8, 9, 10, 11]. The interesting thing is that the mazy problems are all related to
the flavor changing neutral current (FCNC) b→ s decays. The resultants push us not only
to consider more precise QCD effects but also to speculate the existence of new physics.
It is known that the FCNC processes usually arise from the loop corrections in the
standard model (SM) like models. The preference of loop corrections originates from the
strict constraints of K meson oscillation. However, the constraints of K system are only on
the first two generations, the FCNC at tree level in third generation has no significant limit
yet. In especial, the direct constraint from Bs − B¯s mixing, dictated by b→ s interactions,
is a lower bound in experiment [1]. Hence, it will be interesting to investigate the models
which FCNC occurs at tree level and they could provide the solutions to the puzzles in b→ s
decays.
One of simple extensions of SM for the effects of FCNC is the unconventional Z ′ model,
in which FCNC is arisen from the family nonuniversal couplings [13], i.e. the couplings of Z ′
to different families are not the same. One of possible ways to get the family nonuniversal
couplings is to include an additional U(1)′ gauge symmetry; and then by the requirement
of anomaly free, the gauge charges for different families are different [12]. Other models
giving the family nonuniversal Z ′ interactions could be referred to Ref. [13]. The detailed
phenomenological analyses for various low energy physics could be found in Ref. [14]. Es-
pecially, the implications on time-dependent CPA of B → Ksφ and on the BRs of B → η′K
have been studied by Ref. [15]. Moreover, the solution to the B → πK puzzle by the nonuni-
versal Z ′ couplings is also discussed by the authors of Ref. [16]. To further pursue the effects
on B decaying processes, in this paper, we will take all the measurements of B → K(∗)φ and
B → πK into account to constrain the free parameters. By the constrained parameters, we
investigate the implications of the Z ′ model on BRs, CPAs and polarization fractions (PFs)
for the decays B → K∗φ, B → πK and B → ρK∗.
For two-body color-allowed processes of B decays, it is known that the dominant hadronic
effects are the factorized parts which could be simply expressed as the multiplication of
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effective Wilson coefficients (WCs), the decay constant, and the transition form factors,
e.g. A ∝ C(µ)fM1FB→M2(q2 = m2M1). Furthermore, by the observed CPA of O(10%) in
Bd → π∓K±, we know that the large strong phases have to be introduced. In order to
self-consistently calculate the hadronic effects, we employ the perturbative QCD (PQCD)
approach [17, 18] to evaluate the hadronic matrix elements, where the large strong phases
could be generated by the annihilation effects of the effective operator (V − A)⊗ (V + A).
It is known that in B system which is composed of a heavy quark and a light quark, the
residual momentum of the light quark is typically k ∼ O(mB − mb) with mB(b) being the
mass of the B-meson (b-quark). In B decays, if we regard that the processes are dominated
by short-distant interactions, for catching up the energetic quark from the b-quark decay to
form a energetic meson with the typical energy being O(mB), the light quark inside the B
meson has to obtain a large momentum from the b-quark via the gluon exchange. Hence,
the momentum transfer carried by the hard gluon could be estimated to be k1 − k2, where
k1 and k2 denote the momenta of spectator quarks inside the B meson and produced meson,
respectively. In terms of light-cone coordinates, the large components of ki (i = 1, 2) could
be defined by k+i = ximB/
√
2 with xi being the momentum fractions. Hence, the squared
momentum of the exchanged hard gluon is q2 = x1x2m
2
B. As known that the residual
momentum of light quark in the B meson is O(mB −mb), x1 is roughly O(mB −mb)/mB.
Since the produced light meson is energetic, the momenta of valence quarks should be
O(mB/
√
2), i.e. x2 ∼ O(1). By taking x1 = 0.16, x2 = 0.5 and mB(b) = 5.28(4.4) GeV, we
get
√
q2 ∼ 1.5 GeV. Since the value reflects the typical reacting scale of B decays in the
framework of the PQCD, for the SM contributions, in our calculations the values of weak
WCs are estimated at the scale µ ∼ 1.5 GeV.
The paper is organized as follows: In Sec. II, we introduce the nonuniversal Z ′ effects
for b → s transition. In Sec. III, based on the flavor diagrams, we explicitly write out
the factorizable amplitudes associated with the new physics for the decays Bd → K(∗)φ,
B → πK and B → ρK∗. In addition, we also define direct CPA and PFs. Then by setting
the values of parameters, in Sec. IV we give the calculated values for hadronic effects, present
various current experimental data for constraining the unknown parameters, display the SM
predictions and discuss the results of the Z ′ model. Finally, we give a summary.
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II. FCNC FOR b→ s TRANSITION IN THE Z ′ MODEL
In this section, we will introduce the neutral current interactions in the SM and its
extension with an extra Z ′ boson. Since we will study the nonleptonic decays, in following
discussions we only concentrate on the quark sector. Although we concentrate on the study
of new physics, the used notation for new interacting operators will be similar to those
presented in the SM. Therefore, it is useful to introduce the effective operators of the SM.
Thus, we describe the effective Hamiltonian for b→ sqq¯ decays as [19]
Heff =
GF√
2
∑
q=u,c
Vq
[
C1(µ)O
(q)
1 (µ) + C2(µ)O
(q)
2 (µ) +
10∑
i=3
Ci(µ)Oi(µ)
]
, (1)
where Vq = V
∗
qsVqb are the Cabibbo-Kobayashi-Maskawa (CKM) [20] matrix elements and
the operators O1-O10 are defined as
O
(q)
1 = (s¯αqβ)V−A(q¯βbα)V−A , O
(q)
2 = (s¯αqα)V−A(q¯βbβ)V−A ,
O3 = (s¯αbα)V−A
∑
q
(q¯βqβ)V−A , O4 = (s¯αbβ)V−A
∑
q
(q¯βqα)V−A ,
O5 = (s¯αbα)V−A
∑
q
(q¯βqβ)V+A , O6 = (s¯αbβ)V−A
∑
q
(q¯βqα)V+A ,
O7 =
3
2
(s¯αbα)V−A
∑
q
eq(q¯βqβ)V+A , O8 =
3
2
(s¯αbβ)V−A
∑
q
eq(q¯βqα)V+A ,
O9 =
3
2
(s¯αbα)V−A
∑
q
eq(q¯βqβ)V−A , O10 =
3
2
(s¯αbβ)V−A
∑
q
eq(q¯βqα)V−A , (2)
with α and β being the color indices. In Eq. (1), O1-O2 are from the tree level of weak
interactions, O3-O6 are the so-called gluon penguin operators and O7-O10 are the electroweak
penguin operators, while C1-C10 are the corresponding WCs. Using the unitarity condition,
the CKM matrix elements for the penguin operators O3-O10 can also be expressed as Vu +
Vc = −Vt.
For studying the Z ′ model, as usual we describe the Lagrangian for the neutral current
interactions in terms of weak eigenstates as [14, 21]
LNC = −g1Jµ1Z01µ − g2Jµ2 Z02µ,
Jµ1 = q¯iγ
µ[ǫLq PL + ǫ
R
q PR]qi,
Jµ2 = q¯iγ
µ[(ǫ˜LqL)ijPL + (ǫ˜
R
qR)ijPR]qi. (3)
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where the subscript of qi denotes flavor index of quark, PL,R = (1 ∓ γ5)/2, Z01 and Z02 are
the neutral gauge bosons, corresponding to SU(2)× U(1) and the extended Abelian gauge
symmetries, and g1 and g2 are the associated gauge couplings, respectively. We note that
ǫL,Rq are universal couplings of the SM while ǫ˜
L,R
q are 3 × 3 matrices and denote the effects
of nonuniversal couplings. In general, the Z01 and Z
0
2 bosons will mix each other so that the
physical states of Z bosons could be parametrized by
 Z
Z ′

 =

 cos θ sin θ
− sin θ cos θ



 Z01
Z02

 (4)
where θ denotes the Z−Z ′ mixing angle. In addition, the physical states of quarks could be
related to the weak eigenstates by Up
L(R) = VUL(R)U
w and Dp
L(R) = VDL(R)D
w in which UT =
(u, c, t), DT = (d, s, b), and the VUL(R) and VDL(R) are the unitary matrices for diagonalizing
weak states to physical eigenstates. The CKM matrix is defined by VCKM = VULV
†
DL. As a
result, in terms of physical states the effective interactions for b→ s decays could be written
as
HZ = 8GF√
2
sin θ cos θ
(
g2
g1
) ∑
χ1,χ2
∑
q
[
Bχ2∗sb ǫ
χ1
q b¯γµPχ2s q¯γ
µPχ1q
]
+ h.c. ,
HZ′ = 8GF√
2
cos2 θ
(
g2mZ
g1mZ′
)2 ∑
χ1,χ2
∑
q
[
Bχ2∗sb B
χ1
qq b¯γµPχ2s q¯γ
µPχ1q
]
+ h.c. (5)
where HZ and HZ′ express the effects of Z −Z ′ mixing and Z ′, respectively, the q could be
u, d, s and c quark, χi=1, 2 = L and R, and
ǫLq = T
q
3 −Qq sin2 θW , ǫRq = −Qq sin2 θW ,
BχDD = V
D
χ ǫ˜
χ
DV
D†
χ , B
χ
UU = V
U
χ ǫ˜
χ
UV
U†
χ . (6)
Here, the capital UU and DD in the subscript of Bχ parameter could be the flavors (u, c)
and (d, s, b), respectively, and the θW is the Weinberg’s angle. By current experimental
data, it is known that the mixing angle θ is limited to be less than O(10−3) [15, 16]. If the
mass of Z ′ is in the range of a few hundred GeV to 1 TeV, the dominant effects only come
from the Z ′ exchange. Therefore, under this assumption, we will neglecte the contributions
of Z − Z ′ mixing.
According to the interactions of Eq. (5), the new effective Hamiltonian for b → sqq¯
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decays could be written as
HZ
′
eff = −
GF√
2
V ∗tbVts
∑
q
{
(b¯s)V−A
[(
∆C3 +∆C9
3
2
eq
)
(q¯q)V−A
+
(
∆C5 +∆C7
3
2
eq
)
(q¯q)V+A
]
+ (b¯s)V+A
[(
∆C ′3 +∆C
′
9
3
2
eq
)
(q¯q)V+A
+
(
∆C ′5 +∆C
′
7
3
2
eq
)
(q¯q)V−A
]}
(7)
with
∆C3[5] = −2
3
(
g2MZ
g1MZ′
)2
1
V ∗tbVts
BL∗sb
(
B
L[R]
UU + 2B
L[R]
DD
)
,
∆C ′3[5] = −
2
3
(
g2MZ
g1MZ′
)2
1
V ∗tbVts
BR∗sb
(
B
R[L]
UU + 2B
R[L]
DD
)
,
∆C9[7] = −4
3
(
g2MZ
g1MZ′
)2
1
V ∗tbVts
BL∗sb
(
B
L[R]
UU − BL[R]DD
)
,
∆C ′9[7] = −
4
3
(
g2MZ
g1MZ′
)2
1
V ∗tbVts
BR∗sb
(
B
R[L]
UU − BR[L]DD
)
. (8)
The expressions have been written as the four-fermion operators of the SM, shown in Eq.
(2). The operators associated with the new unprimed WCs ∆C3,5,7,9 are the same as SM.
However, the operators associated with primed coefficients ∆C ′3,5,7,9 have different chirality
from those in the SM for b−s couplings. That is, the flavor-changing (FC) Z ′ model provides
different chiral flavor structures for FCNC processes. It has been found that the new effective
WCs of Eq. (8) could be simplified if one assumes BχUU ≃ −2BχDD [16]. Although in general
the assumption is unnecessary, for simplicity, we still impose the condition in our case.
Hence, we get ∆C
(′)
3[5] ≈ 0 and
∆C9[7] = 4
(
g2MZ
g1MZ′
)2
1
V ∗tbVts
BL∗sb B
L[R]
DD ,
∆C ′9[7] = 4
(
g2MZ
g1MZ′
)2
1
V ∗tbVts
BR∗sb B
R[L]
DD . (9)
Although the hadronic matrix elements, describing the B decaying to two final mesons
through the effective Hamiltonian, depend on the chiral and color structures of four-fermion
operators, we find that the associated effective WCs could be classified and reexpressed to
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be more useful form by
a1 = C2 +
C1
Nc
, a2 = C1 +
C2
Nc
,
aq3 = C3 +
C4
Nc
+
3
2
eq
(
CNP9 +
C10
Nc
)
, aq4 = C4 +
C3
Nc
+
3
2
eq
(
C10 +
CNP9
Nc
)
,
aq5 = C5 +
C6
Nc
+
3
2
eq
(
CNP7 +
C8
Nc
)
, aq6 = C6 +
C5
Nc
+
3
2
eq
(
C8 +
CNP7
Nc
)
,
a′qNP3 =
3
2
eq∆C
′
9, a
′qNP
4 =
3
2
eq
∆C ′9
Nc
, a′qNP5 =
3
2
eq∆C
′
7, a
′qNP
6 =
3
2
eq
∆C ′7
Nc
(10)
with CNP9(7) = C9(7) +∆C9(7). The superscript q of Eq. (10) denotes the corresponding flavor
and eq is its charge. Since the considering Z
′ model has the flavor structures which are the
same as SM, to be more clear to understand the influence of new physics, we rewrite Eq.
(10) to be
aq3 = a
qSM
3 +
3
2
eq∆C9, a
q
4 = a
qSM
4 +
3
2
eq
∆C9
Nc
,
aq5 = a
qSM
5 +
3
2
eq∆C7, a
q
6 = a
qSM
6 +
3
2
eq
∆C7
Nc
. (11)
III. DECAY AMPLITUDES FOR B → φK(∗) AND B → pi(ρ)K(∗) DECAYS
To describe the amplitudes for B decays, we have to know not only the relevant effective
weak interactions but also all possible topologies for the specific process. We display the
general involving flavor diagrams for b → sqq¯ in Fig. 1, where (a) and (b) denote the
emission topologies while (c) is the annihilation topology. The flavor q in Fig.1(a) and (b)
is produced by gauge bosons and could be u, or d or s quark if the final states are the
light mesons; however, q′ stands for the spectator quark and could only be u or d quark,
depending on the B meson being charged or neutral one. However, the role of q and q′ in
Fig. 1(c) is reversed so that q = u, or d or s is the spectator quark and q′ = u or d is dictated
by gauge interactions. We note that the presented flavor diagrams are based on the penguin
operators of the SM. Except the different type of interactions at vertices, the flavor diagrams
induced by new physics should be similar to those generated by the SM. In addition, since
the matrix elements obtained by the Fierz transformation of O3,4 are the same as those of
O1,2, we don’t further consider the matrix elements of tree operators. Hence, in terms of the
effective interactions of the SM and those shown in Eq. (7), the expressions of Eqs. (10)
7
bs q
q
q′q′
(a)
b s
•
q q
q′q′
(b)
s
b q′
q′
qq
(c)
FIG. 1: The flavor diagrams for b → sqq¯: (a) and (b) stand for the emission topologies while (c)
is annihilation topology.
and (11), and the flavor diagrams of Fig. 1, we can investigate the decay amplitudes for
B → Kφ, B → πK, B → K∗φ and B → ρK∗.
A. Bd → K0φ
Although there are charged and neutral modes in B → Kφ decays, since the differences
of flavor diagrams in charged and neutral modes are only the parts of small tree annihilation,
we only concentrate on the decay Bd → K0φ. At quark level, the process is controlled by
the decay b→ sss¯, therefore, q = s and q′ = d in Fig. 1(a) and (b), but they are reversed in
Fig. 1(c). Hence, the decay amplitude for Bd → K0φ is written as
MZ′Kφ = V ∗tbVts
[
fφξ1F
e
1K + fB(ξ2F
a
1Kφ + ξ3F
a
2Kφ)
]
(12)
and
ξ1 = a
s + a′sNP , ξ2[3] = a
d
4[6] + a
′dNP
4[6] , (13)
with as = as3+ a
s
4+ a
s
5 and a
′sNP = a′sNP3 + a
′sNP
4 + a
′sNP
5 . The fφ means the decay constant
of φ meson and is defined by 〈0|s¯γµs|φ〉 = fφmφǫµ, in which mφ and ǫµ express the mass
and polarization vector of φ meson. The hadronic matrix element F e1K is from the diagrams
(a) and (b). However, the F a1Kφ and F
a
2Kφ come from the annihilation topology diagram (c).
The detailed expressions of the hadronic matrix elements are given in the Appendix VIC.
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The decay rate for B → PV is written as
Γ =
G2Fm
2
BPc
16π
|M|2 (14)
where Pc ≡ m21m22(r2 − 1)/m2B with r = P1 · P2/(m1m2) is the momentum of the outgoing
vector mesons. By the decay width, we can also define the direct CPA to be
ACP =
Γ¯− Γ
Γ¯ + Γ
(15)
where Γ¯ is the decay rate of antiparticle.
B. B → piK
There are four specific modes in B → πK decays. Since all BRs and CPA of Bd → π−K+
are observed well in experiments, we have to analyze all of them in detail. We begin the
analysis from the decay B+ → π+K0. According to the flavor diagrams Fig. 1(a) and (c),
the emission and annihilation topologies of the decay are described by q = d and q′ = u.
Hence, the decay amplitude for B+ → π+K0 decay could be expressed by
MZ′pi+K0 = V ∗tbVts
[
fK(ζ
d
1F
e
1pi + ζ
d
2rKF
e
2pi) + fB(ζ
u
1F
a
1piK + ζ
u
2F
a
2piK)
]
, (16)
where fK is the decay constant of kaon and defined by 〈0|s¯γµγ5d|K0〉 = fKpµ, rK = m0K/mB
with m0K being associated with 〈0|s¯γ5d|K0〉 = fKm0K , and
ζq1 = a
q
4 − a′qNP4 , ζq2 = aq6 − a′qNP6 . (17)
The hadronic matrix elements F e1pi, F
a
1piK and F
a
2piK are similar to those for Bd → K0φ and
the detailed expressions are given in Appendix VIB. In addition, we have a new contribution
F e2piK which arises from the emission topologies of O6,8.
Similar to B+ → π+K0, we can obtain the decay amplitude of Bd → π−K+ easily by
using q(q′) = u(d) instead of q(q′) = d(u). Thus, the decay amplitude for Bd → π−K+
decay is written as
MZ′pi+K− = V ∗tbVts
[
fK(ζ
u
1F
e
1pi + ζ
u
2 rKF
e
2pi) + fB(ζ
d
1F
a
1piK + ζ
d
2F
a
2piK)
]
−V ∗ubVusfKa1F e1pi, (18)
where we have included the tree contributions. As mentioned before, except the CKM
matrix elements and effective WCs, the hadronic effects of tree are the same as the penguin
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operators O3,4. Hence, the hadronic effects encountered in Bd → π−K+ decay are the same
as those in B+ → π+K0.
Next, we analyze the situation of Bd → π0K0 decay. one can easily find that besides
the involving flavor diagrams appeared in the decays B+ → π+K0 and Bd → π−K+, the
diagram Fig. 1(b) corresponding to the electroweak penguin contributions of the SM should
be also included. Taking proper flavors for q and q′, the decay amplitude for Bd → π0K0
decay is given by
√
2MZ′pi0K0 = V ∗tbVts
[−fK(ζd1F e1pi + ζd2rKF e2pi) + fpiζF e1K − fB(ζd1F a1piK + ζd2F a2piK)]
−V ∗ubVusfpia2F e1K , (19)
with ζ = au3 − ad3 + au5 − ad5 − (a′uNP3 − a′dNP3 + a′uNP5 − a′dNP5 ). We note that the new
term fpiF
e
1K , corresponding to Fig. 1(b), has opposite in sign to other terms. The reason
comes from the flavor wave function of π0 being (u¯u − d¯d)/√2. The Fig. 1(b) picks both
components while others only take d¯d component. Since the tree contributions are color
suppressed, the corresponding WC is a2.
After introducing the decay amplitudes of B+ → π+K0, Bd → π−K+ and Bd → π0K0,
the amplitude for B+ → π0K+ decay could be immediately obtained as
√
2MZ′pi0K+ = V ∗tbVts [fK(ζu1F e1pi + ζu2 rKF e2pi) + fpiζF e1K + fB(ζu1F a1piK + ζu2F a2piK)]
−V ∗ubVus(fKa1F e1pi + fpia2F e1K). (20)
Clearly, the amplitudes shown in the first three decay modes all appear in the decay B+ →
π0K+. That is, once one determines the first three decays, the decay B+ → π0K+ is also
fixed.
C. Bd → K∗0φ
For the production of two vector mesons in B decays, since both vector mesons carry
spin degrees of freedom, the decay amplitudes are related to not only the longitudinal parts
but also transverse parts. In terms of the notation of Ref. [22], the amplitude M(h) could
be expressed by
M(h) ≡ m2BML +m2BMNǫ∗1(t) · ǫ∗2(t) + iMT ǫαβγρǫ∗1α(t)ǫ∗2β(t)P1γP2ρ (21)
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with the convention ǫ0123 = 1, where the superscript h is the helicity, the subscript L
stands for h = 0 component while N and T express another two h = ±1 components, and
ǫ∗1(t) · ǫ∗2(t) = 1 with t = ±1. Hence, each helicity amplitude could be written as [22]
H0 = m
2
BML ,
H± = m
2
BMN ∓mV1mV2
√
r2 − 1MT . (22)
In addition, we can also write the amplitudes in terms of polarizations as
AL = H0 A‖(⊥) =
1√
2
(H− ±H+). (23)
Accordingly, the PFs can be defined as
Ri =
|Ai|2
|AL|2 + |A‖|2 + |A2⊥|
, (i = L, ‖,⊥) , (24)
Consequently, the decay rate for B → V2V1 is given by
Γ =
G2FPc
16πm2B
[|AL|2 + |A‖|2 + |A⊥|2] (25)
where Pc ≡ |P1z| = |P2z| is the momentum of either of the outgoing vector mesons.
From Fig. 1, it is easy to see that the associated flavor diagrams for B → K∗φ are the
same as those for B → Kφ decays. Furthermore, as the results for the neutral and charged
modes are expected to be similar by neglecting the small annihilation contributions from
tree operators Ou1,2 appearing in the charged mode, which will be discussed in Sec. IVA. We
will concentrate on the neutral B decay. In terms of the distribution amplitudes of vector
mesons, defined in Appendix VIA, the decay amplitudes with various helicities defined by
Eq. (21) are given by
MZ′K∗H = V ∗tbVts
[
fφξ1HF
e
K∗H + fBξ2HF
a
1K∗φH + fBξ3HF
a
2K∗φH
]
(26)
where H = L, N, T and
ξ1L = ξ1‖ = a
s − a′sNP , ξ1⊥ = as + a′sNP
ξ2[3]L = ξ2[3]‖ = a
d
4[6] − a′dNP4[6] , ξ2[3]⊥ = ad4[6] + a′dNP4[6] . (27)
The definitions of as and a′sNP are the same as those for Bd → K0φ decay. The explicit
expressions for {F e, F a} could be referred to Appendix VID.
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D. B → ρK∗
Since the quark compositions of ρ and K∗ mesons are the same as those of π and K,
respectively, the flavor diagrams for B → ρK∗ and B → πK decays should be the same.
However, due to 〈V (p)|q¯q′|0〉 ∝ ǫV (p) · p = 0 in which the scalar vertex is arisen from the
Fierz transformation of (V − A) ⊗ (V + A), the emitted factorizable contributions of four-
fermion operators O6,8 are vanished, i.e. a
q
6 have no contributions. Consequently, it could
be expected that BRs of B → ρK∗ are smaller than those of B → πK in the SM.
Although there are four possible modes in the B → ρK∗ decays, we only concentrate
on the decays B+ → ρ+K∗0 and B0 → ρ−K∗+ that they have larger BRs. Following the
definition of Eq. (21), the various helicity amplitudes for B+ → ρ+K∗0 decay would be
written as
MZ′ρ+K∗0H = V ∗tbVts
[
fK∗ζ
d
1HF
e
ρH + fBζ
u
2HF
a
1ρK∗H + fBζ
u
3HF
a
2ρK∗H
]
. (28)
The associated effective WCs are given by
ζq1H=L,‖ = ζ
q
2H=L,‖ = ζ
q
1 , ζ
q
3H=L,‖ = ζ
q
2 ,
ζq1⊥ = ζ
q
2⊥ = a
q
4 + a
′qNP
4 , ζ
q
3⊥ = a
q
6 + a
′qNP
6 . (29)
Similarly, the decay amplitude for B0 → ρ−K∗+ decay is written as
MZ′ρ−K∗+H = V ∗tbVts
[
fK∗ζ
u
1HF
e
ρH + fBζ
d
2HF
a
1ρK∗H + fBζ
d
3HF
a
2ρK∗H
]
−V ∗ubVusa1fK∗F eρH . (30)
The definitions of ζq1(2) are the same as those for B → πK, expressed by Eq. (17).
IV. NUMERICAL ANALYSIS
A. Theoretical inputs
To obtain numerical estimations, the values of theoretical parameters in the SM related
to the weak interactions are taken as follows: GF = 1.166 × 10−5 GeV−2, Vus = 0.224,
Vts = 0.041, Vub = 3.5 × 10−3e−iφ3 with φ3 = 720. The decay constants of mesons are set
to be fpi = 130, fK = 160, fB = 190, f
(T )
φ = 237(170), and f
(T )
K∗ = f
(T )
ρ = 200(160) MeVs.
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The lifetimes of charged and neutral B mesons are chosen as τB+ = 1.67 × 10−12 s and
τBd = 1.56 × 10−12 s, respectively. Since we use PQCD approach to calculate the hadronic
matrix elements, we set the scale of weak WCs at µ =
√
Λ¯mB ≈ 1.5 GeV, therefore, the
values of SM shown in Eq. (10) are estimated to be
a1 = 1.07, a2 = −0.028,
auSM3 = −0.002, auSM4 = −0.036, auSM5 = −0.008, auSM6 = −0.055,
adSM3 = 0.012, a
dSM
4 = −0.036, adSM5 = −0.008, adSM6 = −0.056, (31)
and asSM = adSM . In addition, in Table I we present the values of the hadronic effects, which
are displayed in Secs. IIIA−IIID and calculated by PQCD approach. From the table, we
TABLE I: The values of factorizable amplitudes.
F e1K F
a
1Kφ F
a
2Kφ F
e
1pi F
e
2pi
0.37 (−9.88 + i7.54)10−4 −0.047 + i0.14 0.24 0.50
F a1piK F
a
2piK F
e
K∗L F
e
K∗‖ F
e
K∗⊥
(0.39 + i8.16)10−4 (1.99 − i3.36)10−2 0.36 0.06 0.11
F a1K∗φL F
a
1K∗φ‖ F
a
1K∗φ⊥ F
a
2K∗φL F
a
2K∗φ‖
(−1.4− i1.0)10−3 (6.6 + i6.5)10−4 (−1.2 − i6.4)10−3 −0.03 + i0.14 0.03 − i0.02
F a2K∗φ⊥ F
e
ρL F
e
ρ‖ F
e
ρ⊥ F
a
1ρK∗L
0.06− i0.11 0.31 0.04 0.08 (−2.3 − i5.4)10−3
F a1ρK∗‖ F
a
1ρK∗⊥ F
a
2ρK∗L F
a
2ρK∗‖ F
a
2ρK∗⊥
(3.1 + i0.9)10−4 (−1.9 + i2.9)10−3 0.03 + i0.16 (0.65 − i8.3)10−2 0.01 − i0.17
clearly see that the annihilation contributions from (V − A) ⊗ (V − A) operators which
correspond to F a1PP and F
a
1V V are negligible. To be more clear understanding the results,
we use B → PP decays to illustrate the property. For B → PP decays, the factorized
amplitude associated with the (V − A)⊗ (V − A) interaction for annihilated topology can
be expressed as [23]
〈P1P2|q¯1γµ(1− γ5)q2 q¯3γµ(1− γ5)b|B¯〉a = −ifB(m21 −m22)F P1P20 (m2B) (32)
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where m1(2) are the masses of outgoing particles and F
P1P2
0 (m
2
B) corresponds to the time-like
form factor, defined by
〈0|q¯γµγ5b|B¯(pB)〉 = ifBpµB ,
〈P1(p1)P2(p2)|q¯1γµq2|0〉 =
[
qµ − m
2
1 −m22
Q2
Qµ
]
F P1P21 (Q
2) +
m21 −m22
Q2
QµF
P1P2
0 (Q
2) ,(33)
respectively, with q = p1 − p2 and Q = p1 + p2. From Eq. (32), it is clear that if m1 = m2,
the factorized effects of annihilation topology vanish. However, the cancelation factor will
be removed when the interactions correspond to (V − A)⊗ (V + A) operators [23].
B. Experimental inputs and predictions of the SM
As mentioned before, the accuracies of some experimental data on BRs and CPAs are
quite well, thus we could utilize these observed values to constrain the new parameters of
the Z ′ model. To be more clear to know what the experimental inputs and the predictions
are, in the following we definitely display the ranges of current experimental data for the
inputs. Hence, taking the world averages with 2σ errors presented in Ref. [24], the inputs
of BRs are Bd → K0φ, B → K∗0φ and all B → πK decays, and their limits are taken to be
7.3 < BR(Bd → Kφ)106 < 9.5, 8.6 < BR(Bd → K∗φ)106 < 10.4,
21.5 < BR(B± → π±K)106 < 26.7, 16.6 < BR(Bd → π∓K±)106 < 19.8
9.5 < BR(Bd → π0K)106 < 13.5, 10.5 < BR(B± → π0K±)106 < 13.7. (34)
Moreover, we also take into account the ratios of BRs, defined by
R1 =
τB+
τBd
BR(Bd → π∓K±)
BR(B± → π±K) , Rc =
2BR(B± → π0K±)
BR(B± → π±K) , Rn =
BR(Bd → π∓K±)
2BR(Bd → π0K) ,(35)
as 0.76 < R1 < 0.88, 0.91 < Rc < 1.09 and 0.74 < Rn < 0.88 [11]. Since there are no
measurements on the CPAs of B → K(∗)φ, we artificially set the limits as 0 < |ACP (B →
K(∗)φ)| < 0.05 in which the CPAs vanish in the SM. Other limits from data are taken as
0 < |ACP (B+ → π+K0)| < 5%, 7.1% < |ACP (Bd → π−K+)| < 14.7%, and 0 < |ACP (B+ →
π0K+)| < 10%. Because there is no any significant information on the CPA of Bd → π0K0,
we leave the value as our prediction. In addition, we also take the longitudinal polarization
RL of Bd → K∗0φ as the input and the limit is chosen to be 44% < RL(Bd → K∗0φ) < 57%.
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Before going on discussing the contributions of the Z ′ model, it is worth knowing the SM
results which are based on the taken values in Sec. IVA. Hence, the SM predictions on BRs
are
BR(Bd → Kφ) = 8.98× 10−6, BR(Bd → K∗φ) = 12.9× 10−6,
BR(B± → ρ±K∗) = 15.3× 10−6, BR(Bd → ρ∓K∗±) = 13.4× 10−6,
BR(B± → π±K) = 22.2× 10−6, BR(Bd → π∓K±) = 19.0× 10−6,
BR(Bd → π0K) = 7.87× 10−6, BR(B± → π0K±) = 12.5× 10−6; (36)
the ratios of BRs are estimated by RSM1 = 0.92, R
SM
c = 1.18 and R
SM
n = 1.22; and the
predictions on CPAs are
ACP (Bd → ρ∓K∗±) = 22.0%, ACP (Bd → π∓K±) = −12.1%,
ACP (Bd → π0K) = −1.35%, ACP (B± → π0K±) = −8.3%, (37)
where the vanished CPAs are not shown. Moreover, the estimations of the various PFs for
V V modes are also given to be
RL(Bd → K∗0φ) = 0.71, R⊥(Bd → K∗0φ) = 0.15,
RL(B
+ → ρ+K∗0) = 0.72, R⊥(B+ → ρ+K∗0) = 0.13,
RL(Bd → ρ−K∗+) = 0.52, R⊥(Bd → ρ−K∗+) = 0.22. (38)
According to our estimations, we see that compared to the data, Bd → K∗φ(Bd → π0K)
has larger (smaller) BR, the ratios R1,c,n don’t fit the data well, and RL of Bd → K∗0φ is
much larger than observations. We also find RL(Bd → ρ−K∗+) could be around 50%. For
displaying the influence of different scales, in Fig. 2, we present the correlations between BRs
in Kφ and K∗φ modes, RL,⊥ and BR(Bd → K∗φ), and RL and R⊥, where the circle, square,
diamond and triangle-up symbols stand for the results of µ = 1.3, 1.5, 2.0 and 4.0 GeVs,
respectively. The error bars presented in the figures are the world averages with 2σ errors.
Similarly, we also show the SM predictions on the CPAs of B → πK and the corresponding
BRs in Fig. 3.
C. Results of the Z ′ model on B → φK∗, B → piK and B → ρK∗ decays
Before performing the numerical calculations, we first discuss the allowed regions of new
effects which are from ∆C ′9[7]. According to the results of Refs. [15, 16], it is known that
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FIG. 2: The SM predictions for Bd → K(∗)φ decays, where (a), (b), (c) and (d) represent the
correlations between BRs of Kφ and K∗φ modes, RL(⊥) and BR(Bd → K∗φ), and R⊥ and RL,
respectively. The circle, square, diamond and triangle-up symbols stand for the results of µ = 1.3,
1.5, 2.0 and 4.0 GeVs, respectively. The error bars are the world averages with 2σ errors.
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FIG. 3: The SM predictions for the CPAs (in units of 10−2) versus the corresponding BRs (in
units of 10−6). Legend is the same as Fig. 2.
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the unknown parameters, defined by ξLX = (g2mZ/g1mZ′)
2BL∗sb B
X
dd/V
∗
tbVts with X = L, R,
have been limited to be |ξLX| ≤ 0.02 in which m′Z is at TeV-scale. That is, if we assume
that BLsb ∼ BRsb and BR[L]DD ∼ BL[R]DD , consequently we obtain |∆C(′)9[7]| ≤ 0.08. In the following
analysis, we will take this value as the upper bound of new effects. Since ∆C
(′)
9[7] in general
are complex, we totally have eight parameters for each b → sqq¯ with q = (u, d) and
b → sss¯ decays. In principle, the eight free parameters for b → sqq¯ could be fixed by the
eight chosen measurements such as four BRs and four CPAs in B → πK decays. Then,
using the constrained parameters we can make predictions on B → ρK∗. Although there
are no eight measurements related to b → sss¯ directly, however, due to the new effects in
Eq. (13) for B → Kφ being different from that in Eq. (27) for ξ1(2)L of B → K∗φ, we find
that when the data of Kφ and K∗φ are considered simultaneously, the unknowns has been
strictly constrained. For convenience, we parameterize the unknowns to be ∆C9 = ηLLe
iφLL,
∆C7 = ηLRe
iφLR, ∆C ′9 = ηRLe
iφRL , ∆C ′7 = ηRRe
iφRR so that |ηXY | ≤ 0.08 and 0 ≤ φXY ≤ 2π
with X and Y each being L or R.
Now, we could investigate the contributions of the Z ′ model to the considering processes.
At first, we study the decays governed by b→ sss¯. It has been known that in terms of flavor
diagrams of Fig. 1, all effects contributing to Bd → Kφ will also influence on Bd → K∗φ.
It could be expected that in SM-like models, to reduce the longitudinal polarization RL
of Bd → K∗φ will also lower the BR of B → Kφ. We find that based on the hadronic
values of Table I, if we tune ∆C ′9[7] = 0, there are no solutions for the ∆C9[7] to satisfy
the data of BR(Bd → K(∗)φ) and RL(Bd → K∗φ) at the same time. And also, if we set
∆C9[7] = ∆C
′
9[7] or ∆C9[7] = ∆C
′
7[9] etc, no possible solutions are found. That is, in order
to fit the current experimental data, ηXY (φXY ) cannot have simple relationship for different
X and Y . Hence, by taking each ηXY ≤ 0.08 and each φXY = [−π, π] and including the
limits of Eq. (34) and 44% < RL(Bd → K∗0φ) < 57%, we present the possible solutions in
Fig. 4. By Fig. 4(a), we could see the correlation of BR between Kφ and K∗φ. From the
Fig. 4(b) and (c), we see clearly how the changes of RL(⊥) are associated with the BR of
K∗φ. We also present the correlation of RL and R⊥ in Fig. 4(d). According to these results,
it could be concluded that Z ′ model which provides the left- and right-handed couplings
could solve the anomalies of small RL(B → K∗φ). In addition, the Z ′ model also provides
the room for large R⊥(B → K∗φ), say above 25%, in which R⊥ of the SM is around 16%.
As comparisons, we also show the results of µ = 1.3 GeV in Fig. 5. Clearly, more solutions
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FIG. 4: (a), (b), (c) and (d) denote the correlations between BRs of Kφ andK∗φ modes, RL(⊥) and
BR(Bd → K∗φ), and R⊥ and RL, respectively. The world averages with 2σ errors are presented.
are allowed. We note that no solution can be found when µ > 1.5 GeV.
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FIG. 5: Legend is the same as Fig. 4 but for µ = 1.3 GeV.
Concerning the processes dictated by the decays b → sqq¯, we also find that if we tune
∆C ′9[7] = 0, or ∆C9[7] = ∆C
′
9[7], or ∆C9[7] = ∆C
′
7[9] etc, no possible solutions for simultane-
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ously matching the data are found. Hence, all unknowns should be regarded as independent
of parameters. Following the formulas introduced in Sec. III B, the constraints of Eqs. (34)
and (35) as well as the bounds of CPA, we display the results in Fig. 6. From the figure,
we could see that the CPA of B± → π±K could be as large as 4% while it vanishes in the
SM. To satisfy all current experimental data, the CPA of Bd → π0K should be smaller than
−10%. Since the CPA of π∓K± has a good accurate measurement, if one could further
confirm that the magnitude of CPA for B± → π±K is small, say less than 4%, we could
conclude that the large CPA of Bd → π0K could be a very good evidence to display the
existence of new physics, where the SM prediction is only around −3%. Furthermore, by
Fig. 6(d), we also see that the CPA of B± → π0K± could be much smaller than that of
Bd → π∓K±, in which they should have similar values in the SM. And also, the results show
that the CPAs of π∓K± and π0K± favor to be opposite in sign but the SM predicts the same
sign. As mentioned in the end of Sec. III B, when the decay amplitudes for B± → π±K,
Bd → π∓K± and Bd → π0K decays are determined, those for B± → π0K± decays are also
fixed. Therefore, the sign difference could be also as the clear evidence that new physics
exists. In Fig. 7, we also presented the results with µ = 1.3 GeV. Since the data of B → πK
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FIG. 6: The CPAs (in units of 10−2) versus the corresponding BRs (in units of 10−6). The world
averages with 2σ errors are included.
have better accuracies, we find that no possible solution appears when the scale is smaller
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(larger) than 1.3(1.5) GeV.
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FIG. 7: Legend is the same as Fig. 6 but for µ = 1.3 GeV.
Finally, we discuss the contributions of the Z ′ model to the decays B → ρK∗. By
the analysis in Sec. IIID, we know that except the transverse parts, the weak WCs for
longitudinal polarization RL of B → ρK∗ should be the same for the decays B → πK,
i.e. they have the same weak effective WCs ζ1,2, as shown in Eqs. (17) and (29). This
is because the final states in both processes have the same parity properties. However,
the case encountered in the decays B → K(∗)φ is different because the parity properties
of final state Kφ are different. Hence, the values constrained by B → πK could directly
make predictions on B → ρK∗. We present the results of B± → ρ±K∗ and Bd → ρ∓K∗±
in Figs. 8 and 9, respectively. Since the observed BR of Bd → π±K has reached a good
accuracy, in Fig.8(a) and Fig.9(a) we show how the BRs are associated with BR(B± →
π±K). Moreover, we display the CPA, RL and R⊥ versus the corresponding BR in (b),
(c) and (d) diagrams of both figures, respectively. We note that the observed BR(RL) of
B± → ρ±K∗ by BABAR and BELLE are not consistent each other. The former observes
17.0 ± 2.9 ± 2.0(0.79± 0.08 ± 0.04) [25] while the latter is 8.9 ± 1.7 ± 1.0(0.43 ± 0.11+0.05−0.02)
[26]. By the Fig. 8, we could see clearly that (1) B± → ρ±K∗ can have sizable CPA in which
it vanishes in the SM; (2) RL could be less than 0.60 while the corresponding BR is above
15 × 10−6; (3) the solutions of small R⊥ exist, i.e. R‖ >> R⊥ where the prediction of SM
20
is R‖ ∼ R⊥. As for the results of Bd → ρ∓K∗± shown in Fig. 9, due to just like the case of
Bd → π∓K± which the results with new effects are similar to the SM, we expect that the
derivations from the SM are not too much. Hence, we could summarize the favorable ranges
of BRs, CPAs, RL, and R⊥ for (B
± → ρ±K∗, Bd → ρ∓K∗±) are (17.1±3.9, 10.0±2.0)×10−6,
(3± 5, 21± 7)%, (0.66± 0.10, 0.44± 0.08) and (0.14± 0.10, 0.25± 0.09), respectively.
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FIG. 8: (a) correlation of BR (in units of 10−6) between ρ±K∗ and pi±K; (b), (c) and (d) denote
the correlations between (CPA, R‖, R⊥) and the BR, respectively.
V. SUMMARY
We have studied the effects of nonuniversal Z ′ model on the processes dictated by the
b→ sqq¯ decays with q = u, d, and s. By using the PQCD approach, we calculate the needed
hadronic matrix elements. For B → K(∗)φ decays, we find that their BRs and the RL of
Bd → K∗φ have provided strict constraints on the new parameters. After marching the
currents data, we find the R⊥ of Bd → K∗0φ favors to be larger than 25%. For B → πK
decays, by requiring that the magnitude of ACP (B
± → π±K) is less than 5% and all BRs
satisfy the current observations, we find that the magnitude of CPA of Bd → π0K should
be larger than 10% but sign is the same as SM. Meanwhile, the CPA of B± → π0K± could
be as low as few percent which is indicated by the current experiments. Moreover, we also
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FIG. 9: The legend is the same as Fig. 8 but for Bd → ρ∓K∗±.
obtain that the CPA of B± → π0K± is opposite in sign to the SM.
In sum, to satisfy current data, the new left- and right-handed couplings have to be
included simultaneously. It is clear that the FC Z ′ model provides the needed couplings
naturally. With more physical observations and accurate data by B factories, we could
further examine the effects of nonuniversal Z ′ model.
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VI. APPENDIX: DISTRIBUTION AMPLITUDES AND DECAY AMPLITUDES
A. Distribution amplitudes
We describe the spin structures of meson to be
〈P (p)|q¯2β(z)q1α(0)|0〉 = − i√
2Nc
∫ 1
0
dxeixp·z
{
γ5 6 pΦP (x) + γ5m0PΦpP (x)
+m0Pγ5( 6 n+ 6 n− − 1)ΦσP
}
αβ
(39)
for pseudoscalar, where p = (p+, 0, 0⊥), n+ = (1, 0, 0⊥), and n− = (0, 1, 0⊥); and
〈V (p, ǫL)|q¯2β(z)q1α(0)|0〉
=
1√
2Nc
∫ 1
0
dxeixp·z
[
mV 6 ǫLΦV (x)+ 6 ǫL 6 pΦtV (x) +mVΦsV (x)
]
αβ
,
〈V (p, ǫT )|q¯2β(z)q1α(0)|0 > = 1√
2Nc
∫ 1
0
dxeixp·z
{6 ǫT [ 6 pΦTV (x) +mV oΦvV (x)]
+
mV
p · n− iǫTµνρσγ5γ
µǫνpρnσΦaV (x)
}
αβ
(40)
for vector meson. The notations ΦP and Φ
(T )
V denote the twist-2 wave functions while
Φp,σP and Φ
t,s,v,a
V stand for the twist-3 wave functions of pseudoscalar and vector meson,
respectively. Their explicit expressions could be found in Refs. [27].
B. Hard functions for B → P2P1 decays
In terms of the spin structures of mesons defined by Appendix VIA, we write the
factorizable amplitudes for B → P transition form factors and B → PP annihilations as
F e1P = 8πCFM
2
B
∫ 1
0
dx1dx3
∫ ∞
0
b1db1b3db3ΦB (x1, b1)
×{[(1 + x3) ΦP (x3) + rP (1− 2x3) (ΦpP (x3) + ΦσP (x3))]Ee (t(1)e )
× he (x1, x3, b1, b3) + 2rPΦpP (x3)Ee
(
t(2)e
)
he (x3, x1, b3, b1)
}
, (41)
F e2P = 16πCFM
2
BrP
∫ 1
0
dx1dx3
∫ ∞
0
b1db1b3db3ΦB (x1, b1)
×{[ΦP (x3) + rP ((2 + x3)ΦpP (x3)− x2ΦσP (x3))]Ee (t(1)e )
× he (x1, x3, b1, b3) + 2rPΦpP (x3)Ee
(
t(2)e
)
he (x3, x1, b3, b1)
}
, (42)
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F a1P2P1 = −8πCFM2B
∫ 1
0
dx2dx3
∫ ∞
0
b2db2b3db3
×{[x3ΦP1(x2)ΦP2(1− x3) + 2rP1rP2ΦpP1(x2) ((1 + x3)ΦpP2(1− x3)
+(1− x3)ΦσP2(1− x3)
)]
Ea
(
t(1)a
)
ha(x2, x3, b2, b3)
− [x2ΦP1(x2)ΦP2(1− x3) + 2rP1rP2ΦpP2(1− x3) ((1 + x2)ΦpP2(x2)
−(1− x2)ΦσP1(x2)
)]
Ea
(
t(2)a
)
ha(x3, x2, b3, b2)
}
, (43)
F a2P2P1 = 16πCFM
2
B
∫ 1
0
dx2dx3
∫ ∞
0
b2db2b3db3
×{[rP2x3ΦP1(x2) (ΦpP2(1− x3) + ΦσP2(1− x3))+ 2rP1ΦpP1(x2)ΦP2(1− x3)]
×Ea
(
t(1)a
)
ha(x2, x3, b2, b3) +
[
x2rP1
(
ΦpP1(x2)− ΦσP1(x2)
)
ΦP2(1− x3)
+2rP2ΦP1(x2)Φ
p
P2
(1− x3)
]
Ea
(
t(2)a
)
ha(x3, x2, b3, b2)
}
(44)
with mP(i)/mB, where the hard functions he(a) are given by
he(x1, x3, b1, b3) = K0 (
√
x1x3mBb1)St(x3)
× [θ(b1 − b3)K0 (√x3mBb1) I0 (√x3mBb3)
+θ(b3 − b1)K0 (√x3mBb3) I0 (√x3mBb1)] , (45)
ha(x2, x3, b2, b3) =
(
iπ
2
)2
H
(1)
0 (
√
x2x3mBb2)St(x3)
×
[
θ(b2 − b3)H(1)0 (
√
x3mBb2) J0 (
√
x3mBb3)
+θ(b3 − b2)H(1)0 (
√
x3mBb3)J0 (
√
x3mBb2)
]
. (46)
The evolution factor Ee(a) are defined as
Ee (t) = αs (t)SB (t)SP (t) ,
Ea (t) = αs (t)SP1(t)SP2(t) (47)
where SM(t) denote the Sudakov factor of M-meson, the explicit expressions could be found
in Ref. [22] and the references therein.
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C. Hard functions for B → PV decays
Similarly, the factorizable amplitudes for B → PV modes are given to be
F a1PV = 8πCFM
2
B
∫ 1
0
dx2dx3
∫ ∞
0
b2db2b3db3
×{[x3ΦV (x2)ΦP (1− x3) + 2rP rVΦsV (x2) ((1 + x3)ΦpP (1− x3)
+(1− x3)ΦσP (1− x3))]Ea(t(1)a )ha(x2, x3, b2, b3)− [x2ΦV (x2)ΦP (1− x3)
+2rP rV
(
(1 + x2)Φ
s
V (x2)− (1− x2)ΦtV (x2)
)
ΦpP (1− x3)
]
×Ea(t(2)a )ha(x3, x2, b3, b2)
}
, (48)
F a2PV = −16πCFM2B
∫ 1
0
dx2dx3
∫ ∞
0
b2db2b3db3
×{[rPx3ΦV (x2) (ΦpP (1− x3) + ΦσP (1− x3)) + 2rVΦsV (x2)ΦP (1− x3)]
×Ea(t(1)a )ha(x2, x3, b2, b3) + [2rPΦV (x2)ΦpP (1− x3)
+x2rV
(
ΦsV (x2)− ΦtV (x2)
)
ΦP (1− x3)
]
Ea(t
(2)
a )ha(x3, x2, b3, b2)
}
(49)
with rV = mV /mB.
D. Hard functions for B → V2V1 decays
The needed factorizable amplitudes for V V modes are given by
F eV2L = 8πCFM
2
B
∫ 1
0
dx1dx3
∫ ∞
0
b1db1b3db3ΦB(x1, b1)
×{[(1 + x3)ΦV2(x3) + rV2(1− 2x3)(ΦtV2(x3) + ΦsV2(x3))]
×Ee(t(1)e )he(x1, x3, b1, b3)
+2rV2Φ
s
V2
(x3)E
e(t(2)e )he(x3, x1, b3, b1)
}
, (50)
F eV2N = 8πCFM
2
B
∫ 1
0
dx1dx3
∫ ∞
0
b1db1b3db3ΦB(x1, b1)
×rV1
{
[ΦTV2(x3) + 2rV2Φ
v
V2
(x3) + rV2x3(Φ
v
V2
(x3)− ΦaV2(x3))]
×Ee(t(1)e )he(x1, x3, b1, b3)
+rV2 [Φ
v
V2
(x3) + Φ
a
V2
(x3)]E
e(t(2)e )he(x3, x1, b3, b1)
}
, (51)
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F eV2T = 16πCFM
2
B
∫ 1
0
dx1dx3
∫ ∞
0
b1db1b3db3ΦB(x1, b1)
×rV1
{
[ΦTV2(x3) + 2rV2Φ
a
V2
(x3)− rV2x3(ΦvV2(x3)− ΦaV2(x3))]
×Ee(t(1)e )he(x1, x3, b1, b3)
+rV2[Φ
v
V2
(x3) + Φ
a
V2
(x3)]E
e(t(2)e )he(x3, x1, b3, b1)
}
, (52)
F a1V2V1L = 8πCFM
2
B
∫ 1
0
dx2dx3
∫ ∞
0
b2db2b3db3
×{[−x3ΦV1(x2)ΦV2(1− x3) + 2rV1rV2ΦsV1(x2)((1− x3)ΦtV2(1− x3)
+(1 + x3)Φ
s
V2
(1− x3))
]
Ea(t(1)a )ha(x2, x3, b2, b3)
+
[
x2ΦV1(x2)ΦV2(1− x3) + 2rV1rV2ΦsV2(1− x3)((1− x2)ΦtV1(x2)
−(1 + x2)ΦsV1(x2))
]
Ea(t(2)a )ha(x3, x2, b3, b2)
}
, (53)
F a1V2V1N = −8πCFM2B
∫ 1
0
dx2dx3
∫ ∞
0
b2db2b3db3
×rV1rV2
{[
(1 + x3)(Φ
v
V1
(x2)Φ
v
V2
(1− x3) + ΦaV1(x2)ΦaV2(1− x3))
+(1− x3)(ΦvV1(x2)ΦaV2(1− x3) + ΦaV1(x2)ΦvV2(1− x3))
]
Ea(t(1)a )ha(x2, x3, b2, b3)
− [(1 + x2)(ΦvV1(x2)ΦvV2(1− x3) + ΦaV1(x2)ΦaV2(1− x3))
−(1− x2)(ΦvV1(x2)ΦaV2(1− x3) + ΦaV1(x2)ΦvV2(1− x3))
]
×Ea(t(2)a )ha(x3, x2, b3, b2)
}
, (54)
F a1V2V1T = −16πCFM2B
∫ 1
0
dx2dx3
∫ ∞
0
b2db2b3db3
×rV1rV2
{[
(1− x3)(ΦvV1(x2)ΦvV2(1− x3) + ΦaV1(x2)ΦaV2(1− x3))
+(1 + x3)(Φ
v
V1
(x2)Φ
a
V2
(1− x3) + ΦaV1(x2)ΦvV2(1− x3))
]
Ea(t(1)a )ha(x2, x3, b2, b3)
+
[
(1− x2)(ΦvV1(x2)ΦvV2(1− x3) + ΦaV1(x2)ΦaV2(1− x3))
−(1 + x2)(ΦvV1(x2)ΦaV2(1− x3) + ΦaV1(x2)ΦvV2(1− x3))
]
×Ea(t(2)a )ha(x3, x2, b3, b2)
}
, (55)
F a2V2V1L = 16πCFM
2
B
∫ 1
0
dx2dx3
∫ ∞
0
b2db2b3db3
×{[rV2x3ΦV1(x2)(ΦtV2(1− x3) + ΦsV2(1− x3))− 2rV1ΦsV1(x2)ΦV2(1− x3)]
×Ea(t(1)a )ha(x2, x3, b2, b3)
+
[
rV1x2(Φ
t
V1
(x2)− ΦsV1(x2))ΦV2(1− x3) + 2rV2ΦV1(x2)ΦsV2(1− x3)
]
×Ea(t(2)a )ha(x3, x2, b3, b2)
}
, (56)
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F a2V2V1N = 16πCFM
2
B
∫ 1
0
dx2dx3
∫ ∞
0
b2db2b3db3
×{rV1(ΦvV1(x2) + ΦaV1(x2))ΦTV2(1− x3)Ea(t(1)a )ha(x2, x3, b2, b3)
+ rV2Φ
T
V1
(x2)(Φ
v
V2
(1− x3)− ΦaV1(1− x3))Ea(t(1)a )ha(x3, x2, b3, b2)
}
, (57)
F a2V2V1T = 32πCFM
2
B
∫ 1
0
dx2dx3
∫ ∞
0
b2db2b3db3
×{rV1(ΦvV1(x2) + ΦaV1(x2))ΦTV2(1− x3)Ea(t(1)a )ha(x2, x3, b2, b3)
+ rV2Φ
T
V1
(x2)(Φ
v
V2
(1− x3)− ΦaV2(1− x3))Ea(t(2)a )ha(x3, x2, b3, b2)
}
. (58)
We define rVi = mVi/mB.
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